We discuss the chiral symmetry restoration at high temperature and chemical potential for a four-fermion interaction theory in arbitrary dimensions (2 ≤ D < 4). To investigate the ground state of the theory we calculate the effective potential and the gap equation using the method of the 1/N expansion. We study the phase structure at finite temperature and chemical potential and show critical curves which divide the symmetric and asymmetric phase. We find that the first and second order phase transition coexist for 2 ≤ D ≤ 3 depending on the value of the temperature and chemical potential. On the other hand only the second order phase transition is realized for 3 < D < 4. We also present the critical behavior of the dynamically generated fermion mass.
Introduction
After the pioneering work by Y. Nambu and G. Jona-Lasinio, 2 the idea of dynamical symmetry breaking caused by the non-vanishing expectation value of the fermion and anti-fermion has played a decisive role in modern particle physics. The idea was introduced to discuss the chiral symmetry breaking in QCD and investigate the phenomena of hadrons. On the other hand the basic ingredient of the standard electroweak theory is the spontaneous breaking of the gauge symmetry SU(2) ⊗ U (1) and grand unified theories are constructed on the basis of the Higgs mechanism. We ordinarily consider the Higgs field is an elementary scalar field. The dynamics of the Higgs fields, however, has not been well understood. There is a possibility that the Higgs fields may be constructed as bound states of fundamental fermions and the gauge symmetry is also broken down dynamically.
3
I am interested in studying the dynamical origin of the symmetry breaking.
One of the possible environments where the models of dynamical symmetry breaking may be tested is found in the early universe where the symmetry of the primary unified theory is broken down to yield lower level theories. In the early universe it is not adequate to neglect the effect of the curvature, temperature and chemical 
Four-Fermion Theory
The four-fermion interaction theory is one of the prototype models of the dynamical symmetry breaking. In this talk we consider the simple four-fermion interaction theory with N-components fermions described by the Lagrangian
where the index k represents the flavors of the fermion field ψ and λ 0 is a bare coupling constant. In the following discussions, for simplicity, we neglect the flavor index. In two space-time dimensions the theory is nothing but the Gross-Neveu model. 4 The theory has a discrete chiral symmetry,ψψ → −ψψ, and a global SU(N) flavor symmetry. The discrete chiral symmetry prevents the Lagrangian to have mass terms. Under the circumstance of the global SU(N) symmetry we may work in the scheme of the 1/N expansion.
In practical calculations it is more convenient to introduce a auxiliary field σ and start with the Lagrangian defined by,
Replacing σ in the Eq.(2) by the solution of the equation of motion σ ∼ −λ 0ψ ψ/N, the Eq. (1) is reproduced. If the non-vanishing vacuum expectation value is assigned to the auxiliary field σ then there appears a mass term for the fermion field ψ and the discrete chiral symmetry is eventually broken.
We would like to find a ground state of the system described by the four-fermion theory. For this purpose we evaluate an effective potential at the large N limit. The grand state of the theory is determined by observing the minimum of the effective potential. In the leading order of the 1/N expansion the effective potential is given
It should be noted that the effective potential is normalized so that V 0 (0) = 0.
The effective potential given in Eq. (3) is divergent in two and four space-time dimensions. In the case of the two space-time dimensions the four-fermion theory is renormalizable, so that we can avoid the problem of divergences by the usual renormalization procedure. We define the renormalized coupling constant λ by using the renormalization condition
where σ 0 is the renormalization scale. To satisfy the condition given in Eq. (4) the renormalized coupling λ reads
Replacing the bare coupling constant with the renormalized one the effective potential is no longer divergent in the whole range of the space-time dimensions considered here:
For D = 4 the four-fermion theory is not renormalizable and hence we can not cancel out the divergence by the renormalization procedure. We regard the theory for D = 4 − ǫ with the sufficiently small and positive ǫ as the regularization in four space-time dimensions and consider the theory for D = 4 as a low energy effective theory stemming from more fundamental theories.
Evaluating the effective potential V 0 (σ) we find the phase structure of the fourfermion theory. If the coupling constant λ is no less than a critical value λ cr given by
the shape of the effective potential is of a double well and the minimum is located at non-vanishing σ. In this case the discrete chiral symmetry of the theory is broken down dynamically. Evaluating the gap equation defined by
we find the dynamical mass of the fermion as a function of the coupling constant λ,
As is well known, the shape of the effective potential V 0 (σ) is of a single well for λ < λ cr . Thus the ground state is invariant under the discrete chiral transformation.
In the following discussions we fix the coupling constant λ above the critical coupling and see whether the chiral symmetry is restored in an environment of the high temperature and chemical potential.
Phase Structure at Finite Temperature and Chemical Potential
Here I will introduce the temperature and chemical potential in the theory and investigate the phase structure with varying the temperature and chemical potential.
The n-points thermal Green function is defined by
where E α and N α are the energy and particle number in the state specified by a quantum number α respectively, β = 1/kT with k the Boltzmann constant and T the temperature and µ is the chemical potential. Using the path integral formalism the partition function for the Green function (9) reads
where N is the number operator.
Following the standard procedure of the Matsubara Green function, we calculate the effective potential of the theory in the leading order of the 1/N expansion and find
where V 0 (σ) is the effective potential for T = µ = 0 shown in Eq. (3) and V βµ (σ) is given by
As the influence from the finite temperature and chemical potential (i.e.
is not divergent, we can use the same renormalization procedure presented in the previous section to remove the divergence. The renormalized effective potential is obtained by replacing the coupling constant λ 0 with the renormalized one λ.
To study the phase structure at finite temperature and chemical potential we evaluate the effective potential (11) with varying the temperature and chemical potential. The dynamical fermion mass is obtained by the vacuum expectation value of the auxiliary field σ. We can find it by observing the minimum of the effective potential. The necessary condition for the minimum is given by the gap equation:
The dynamical fermion mass is obtained by the non-trivial solution of the gap equation. The dynamical fermion mass smoothly disappears at the critical point for the second order phase transition. The point is given by f (0, β, µ) = 0. For the first order phase transition the effective potential has the same value at two local minimums.
Thus the critical point is obtained by the solution of the equations: We perform the full analysis of this type for 2 ≤ D < 4 and obtain the critical curves which divide the chiral symmetric and asymmetric phase on T − µ plane. In Next we show the critical behavior of the dynamical fermion mass. The dynamical fermion mass is obtained by the vacuum expectation value of the auxiliary field σ. We calculate the minimum of the effective potential numerically. In Fig. 2 We are able to find analytically some specific points on the critical curve. 1 The critical temperature at µ = 0 is given by
where ζ(z) is the Riemann zeta function. Taking the two dimensional limit, the expression of the critical temperature (15) 
For D = 3 Eq. (17) is agree with the known result. 9 The critical temperature and the chemical potential at the boundary between the first order and the second order phase transition is satisfied
where ζ(z 1 , z 2 ) is the generalized zeta function. We obtain the the boundary between the first order and the second order phase transition by solving the Eq.(18). The boundary is smoothly disappears at D = 3 as is shown in Fig. 1 .
Conclusion
To study the thermodynamics of the dynamical symmetry breaking is one of the crucial problems to test composite Higgs models. In this talk we have considered the
Gross-Neveu type model as one of the prototype models of the dynamical symmetry breaking and investigated the phase structure at finite temperature and chemical potential in arbitrary dimensions. For D = 2 it is expected that the chiral symmetry is restored at any finite value of the temperature in the case of finite N through the creation of a kinkantikink condensation. 13 In our method we can not deal with the influence of a space dependent field configuration. Kinks are, however, suppressed at the large N limit and the phase transition takes place at finite temperature.
We are interested in applying our result to phenomena in the early universe and leave it future researches.
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